1052 ATAA JOURNAL

VOL. 26, NO. 9

Interactive and Large-Domain Solutions of
Higher-Order Viscous-Flow Equations

F. Stern,* S. Y. Yoo,t and V. C. Pateli
University of lowa, Iowa City, Iowa

Two approaches for the solution of the partially parabolic Reynolds equations are evaluated using the same
numerical techniques and turbulence model. Comparisons are made between interactive viscous-inviscid solutions and
noninteractive large-domain solutions for the flow over the tail and in the wake of axisymmetric and three-dimen-
sional bodies to highlight the differences between the two strategies. Both approaches yield satisfactory results,
although the interaction solutions appear to be computationally more efficient for the three-dimensional bodies.

Introduction

HE classical boundary-layer equations, which are based on

the assumption that the viscous layer is thin relative to the
local radii of curvature of the surface, are parabolic and neglect
all influences of the downstream flow other than those con-
tained in the inviscid-flow pressure field. Also, in the classical
theory, the inviscid flow is calculated without accounting for
the boundary-layer displacement effects. In spite of these ap-
proximations, there would seem to be no question as to the
success of boundary-layer theory. The requirements of the the-
ory are met in many practical flow situations and, for cases or
flow regions in which they are not met, boundary-layer theory
provides a formal framework upon which refinements and
modifications can be applied and understood. However, the
conditions of boundary-layer theory are not met in a variety of
practical circumstances and, in these cases, some or all of the
terms neglected in the Navier-Stokes equations to obtain the
boundary-layer equations become important. For example, a
review by Patel! of the experimental data for the flow over the
tail and in the wake of axisymmetric and shiplike bodies points
out the following features: 1) for many practical geometries,
absence of flow reversal; 2) rapid thickening of the boundary
layer; 3) variation of pressure across the viscous layer, implying
strong viscous-inviscid interaction; 4) on three-dimensional
bodies, development of a large longitudinal vorticity compo-
nent; and 5) general reduction in the level of turbulence. Patel
concludes that the appropriate governing equations for such
viscous flows are the partially parabolic Navier-Stokes equa-
tions for laminar flow and the corresponding Reynolds equa-
tions for turbulent flow, hereafter referred to simply as the
partially parabolic equations. There is, therefore, a need for
approaches that solve these more general equations.

There are two possible approaches to the solution of the
higher-order viscous-flow equations: a global approach, in
which one set of governing equations appropriate for both the
inviscid- and viscous-flow regions are solved using a large solu-
tion domain so as to capture the viscous-inviscid interaction;
and an interactive approach, in which different sets of govern-
ing equations are used for each region and the complete solu-
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tion obtained through the use of an interaction law, i.e.,
patching or matching conditions. The former approach is
somewhat more rigorous because it does not rely on the patch-
ing conditions that usually involve further approximations.
Nonetheless, for a variety of reasons, both types of approaches
are of interest. A complete review of the vast literature in these
two areas is beyond the scope of this paper. An overview is
given, however, using selected references as examples for the
purpose of putting the present work in perspective.

Traditionally, interaction studies have coupled the thin-
boundary-layer equations with inviscid-flow solutions that in-
clude viscous-flow effects using either displacement-body or
equivalent-source methods. Such methods have been successful
in predicting flows for which the boundary-layer equations are,
in fact, a good approximation in the viscous-flow region, e.g.,
thin airfoils and wings at small angles of attack. Extensions for
thicker airfoils and wings and/or larger angles of attack, with
limited regions of separation, have also been made. In these
cases, the singularity of the boundary-layer equations at sepa-
ration is removed by using the inverse mode, and single-pass
solutions are obtained using the FLARE approximation. Here
again, the results are satisfactory and, under most circum-
stances, the interactive procedures predict the flow as well as
the global Navier-Stokes or partially parabolic Navier-Stokes
solutions.>?

Applications of direct- and inverse-mode interactive proce-
dures to flows in which the boundary-layer equations do not
represent a good approximation have generally had only lim-
ited success.*” Investigations using higher-order equations for
axisymmetric and three-dimensional bodies have been quite
varied in the approximations embodied and turbulence models
and numerical procedures utilized. Generally speaking, the re-
sults of most of these investigations have shown some improve-
ment over the traditional interaction procedures; however, they
do not show overall good agreement with the experimental
data. Patel and Chen’s® review of the extensive work on
axisymmetric bodies indicates that this poor performance can
be attributed to a variety of causes: lack of, incomplete, or
incorrect viscous-inviscid interaction procedures; inconsistent
approximations in the equations; poor accuracy and conver-
gence of the velocity-pressure coupling procedures; turbulence
modeling; and coordinates and grid dependence. Experience
with three-dimensional bodies is much more limited, and few,
if any, interactive solutions of higher-order viscous-flow equa-
tions have been attempted. In most cases, the outer boundary
of the solution domain is placed at about two boundary-layer
thicknesses from the body surface, where conditions are pre-
scribed from the potential-flow solution without including the
viscous-flow displacement effects. As pointed out by Chen and
Patel,’ much larger solution domains or interactive solutions
are needed to capture the viscous-inviscid interaction.
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The present paper is concerned with an evaluation of two
approaches for the solution of the partially parabolic equa-
tions. Using the same numerical techniques and turbulence
model, comparisons are made between viscous-inviscid interac-
tion solutions and noninteractive large-domain solutions for
the flow over the tail and in the wake of axisymmetric and
three-dimensional bodies.

Interactive vs Noninteractive Solutions

Consider the flow past a streamlined three-dimensional body
fixed in a uniform stream of velocity Uj,. The classical approach
to the analysis of such a flowfield is to divide it into three
regions, as shown in Fig. 1, in each of which a different set of
approximations is made in the Navier-Stokes (or Reynolds)
equations. The resulting equations for the inviscid region 1 and
the boundary-layer region 2 are well known. In the absence of
flow reversal at the tail, the thick stern-flow boundary layer
and the wake (region 3) can be described by the so-called
partially parabolic equations, in which only the streamwise
gradients of the viscous and turbulent stresses are neglected.
The interaction (or lack of one) between regions 1 and 2 is the
classical problem of boundary-layer theory. Herein, we are
concerned with the flow in region 3 and its interaction with that
in region 1.

Because the partially parabolic equations of region 3 also
embody the inviscid-flow equations (and the boundary-layer
equations), it should be possible to resolve the flow simulta-
neously in all regions by means of a single numerical solution
of these general equations. In such a global, noninteractive
approach, the solution domain must be large enough to apply
uniform flow conditions at the far-field boundary S,. Al-
though this approach is feasible, it is generally believed to be
less accurate and to be wasteful of computer time. One of the
objectives of the present work is to investigate this aspect of the
problem. An alternative approach is to seek separate solutions
in regions 3 and 1 and match them iteratively at a common
boundary A. As noted previously, such viscous-inviscid inter-
action techniques have been quite successful when the inner
region obeys the boundary-layer equations, but there is little or
no experience with interactive solutions of the more general
partially parabolic equations. Another objective of the present
work, therefore, is to investigate the feasibility of such solu-
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tions and compare the results of the two approaches with re-
gard to accuracy and economy of computation. '

The central problem addressed in this paper is the numerical
solution of partially parabolic equations with two different
outer boundary conditions, namely, the uniform-flow condi-
tions appropriate for a noninteractive large-domain solution
and the inviscid-flow matching conditions appropriate for an
interactive solution. The details of this problem are considered
in the next section. Unlike the large-domain solutions, the in-
teractive solutions require specification of the match boundary
A and an interaction law, along with a method for the calcula-
tion of the inviscid flow. In the present study, solutions were
obtained both with the match boundary just beyond the
boundary-layer thickness § and with the boundary at about 24.
The interaction law is based on the concept of displacement
thickness. The displacement surface can be defined unambigu-
ously by the following two requirements: 1) that it be a stream
surface of the inviscid flow continued from outside the
boundary layer, and 2) that the inviscid-flow discharge between
this surface and any stream surface exterior to the boundary
layer be equal to the actual discharge between the body and the
latter stream surface. The second condition implies that the
flow reduction inside the viscous flow is compensated for by an
outward displacement of such a stream surface through a dis-
tance 8%, i.c.,

J Vp-dA=J(V,,—V)‘dA (D

where V), is the velocity vector of the outer inviscid flow contin-
ued into the viscous region, ¥ is the viscous-flow velocity vec-
tor, and A and A; are the cross-sectional areas between the
actual body surface and the displacement-body surface and the
boundary-layer surface, respectively. Thus, the inviscid-flow
solution is obtained for the displacement body. This solution
then provides the boundary conditions for the viscous flow:

U(A) = U (A) = U, W(A) = W,(8) = W,, p(A) =p,(A) =p.
2

Because 6* and V,(A) are not known a priori, an initial guess
must be provided and the complete solution obtained by itera-
tively updating the viscous- and inviscid-flow solutions until
“patching” conditions 1 and 2 are satisfied. Note that, in this
procedure, no assumptions have been made with regard to the
thickness of the boundary layer.

In the inviscid-flow region (region 1 in Fig. 1), the flow is
assumed to be irrotational. The boundary-value problem for
the perturbation velocity potential is solved by a source-distri-
bution method. The conforming panel, source-panel method of
von Kerczek et al.!® has been used. In this method, the integral
equation for the source strength is solved by discretizing the
body surface into a number of conforming surface panels, on
each of which the source strength is assumed constant, and by
evaluating the integral over each panel approximately by
Gauss quadrature. The resulting system of linear equations is
solved by Gauss-Seidel iteration. With the source strength
known, the surface and field point velocities are readily calcu-

Fig. 2 Nonorthogonal curvilinear coordinates.
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lated, again by Gauss quadrature, and the pressure is obtained
from the Bernoulli equation. These procedures are facilitated
through the use of a parametric surface equation to represent
the body surface.

Solution of the Partially Parabolic Equations

For the thick boundary layer and wake (region 3 in Fig. 1),
the governing equations are the partially parabolic equations.
In these, the velocity field is elliptic in transverse planes and
parabolic in the streamwise direction, while the pressure field is
fully elliptic. Solutions to these equations can be obtained iter-
atively by solving the parabolic equations that result when the
pressure field is specified and by subsequently updating the
pressure field using the results from the parabolic solution. Of
crucial importance is the manner in which the velocity and
pressure fields are coupled. Many procedures have been tried
for this purpose.!! In the present work, a modified form of the
SIMPLER algorithm,'? which enhances global convergence,’
has been used. Selection of an appropriate coordinate system
and a grid-generation technique to obtain the coordinates is
also important. A streamline coordinate system is the most
consistent with the assumptions of the partially parabolic equa-
tions; such a system is difficult to generate, however, and may
not be the most efficient from a numerical perspective. Alterna-
tively, body-fitted coordinates can be used in which the axial
coordinate is roughly aligned with the streamlines since they
are coincident on the body surface itself. The partially
parabolic assumptions are made in this preselected axial coor-
dinate direction. In the present work, both simplified analytic
and numerically generated body-fitted coordinates have been
used. The Reynolds stresses are modeled using the k-¢ turbu-
lence model. A complete transformation of the governing
equations is used such that the directions of the velocity com-
ponents are along the grid lines. It should be recognized that
very few investigators have used a complete transformation of
the governing equations, especially for three-dimensional
flows. The more common approach is a partial transformation,
in which only the coordinates are transformed but the velocity
components are maintained in either Cartesian or cylindrical
coordinates. The governing equations are reduced to algebraic
form using finite differences and are solved implicitly by the
method of lines. In what follows, an overview of the equations
and solution methodology is presented. The complete details
are provided in Refs. 13 and 14.

Equations in Generalized Coordinates

The governing equations are solved in a nonorthogonal
curvilinear coordinate system in which the x coordinate is
roughly aligned with the flow direction and the y coordinate is
in a plane transverse to the body axis X (Fig. la). For three-
dimensional flow, the z coordinate is also in the transverse
plane and in the girthwise direction (Fig. 1b). The Reynolds
equations in nonorthogonal curvilinear coordinates can be
derived either through the use of vector or tensor analysis.
Here, we use the vector approach (see, e.g., Richmond et al.””
for a derivation using tensors).

The momentum, continuity, and turbulence-model (k,)
equations for steady incompressible flow can be written in the
following vector form:

VOV -NR2—Vxo=-Y(plp) +v(V(V: V) -V x o)}

— V004 @V &)
V-¥V=0 4
V-Vk=V-Vk)o,+G—¢ (%
V-Ve=V-(Veja, + C,Gelk — Coe?lk (6)
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where V= (U,V,W) are the mean velocity components,
v = (u,v,w) are the turbulent fluctuations, p is mean pressure,
® =V x Vis mean vorticity, vp; are the Reynolds stresses (the
overbar denotes time averaging), k = v - v/2 is turbulent kinetic
energy, ¢ is turbulent energy dissipation, v, = C,k%/¢ is eddy
viscosity, and G is turbulence generation. Because the fluid is
assumed to be incompressible, the terms involving V+ ¥ and
V - vin Eq. (3) are identically zero but have been included since
they aid in putting the transformed equations into a more
compact form. The usual values are used for the constants in
the k-¢ equations, namely, (C,, 6;, 6., C,;, C,2) =(0.09, 1.0,
1.3, 1.44, 1.92). The turbulence generation term is defined by

G = vtIz(E%l + 3%2 + 3%3) + 4(3%2 + 8%3 + 8%1)] N

in which ¢ is the rate-of-strain tensor

g, =[VV +VF¥T])2 (8)

VV is the deformation-rate tensor e;, and VV7 its transpose,
i.e., V¥T =¢;. The Reynolds stresses in Eq. (3) are related to k
and ¢ through the isotropic eddy-viscosity concept,

vp; = =2, + 2k(hhg,) /3 )

where the 4, are the metric coefficients and g, is the inverse
metric tensor, both of which are defined later.

Equations (3-9) can be transformed into any coordinate
system through the use of appropriate definitions of the gradi-
ent (V), divergence (V *), and curl (V x ) vector operators. The
details of this procedure for orthogonal curvilinear coordinates
are well known (e.g., Rouse!®). For nonorthogonal curvilinear
coordinates, the appropriate vector operator definitions are not
readily available. They were probably first derived by Weather-
burn.!” Following Weatherburn, and referring to Figs. 1 and 2
for the present notation, the unit vectors e; = (e,,e,,e5) in the
directions of the nonorthogonal coordinates (x,y,z) are defined
in terms of the Cartesian position vector

R = X(x,y,2)i + Y(x,y,2)j + Z(x,y,2)k (10)
by
e, =R.[h,

e=R,/h, es=R./h, (1D

where
h=|R.| — h=|R)|  h=|R| (12)

and a lettered subscript denotes a partial derivative. The angles
(4,u,v) between the (x,p,7) coordinate axes are given by

cosil = e, ° e,, cospL=e, * e, cosv =¢;'e, (13)

The inverse metric tensor is defined by

AHG
gy =(he; " he) ' =| HBF |/s (14)
GFC
where

A = h3h3sin?A, B = hihdsin?y, C = h3h3 sin®y

F = (hhy cosp)(h b, cosv) — h3(hyh, cosd)

G = (hyh, cosv)(hyhy cosh) — h3(h h; cosp)

H = (hyhy cosA)(hyhy cosp) — h3(hyh, cosy) (15)
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and s is the triple product
5 = (hhohy)e, - ey x e5) =[A4h? + Hhh, cosv + Ghih, cosy]%
(16)

In terms of the preceding quantities, the gradient of any
scalar Q(x,y,z) and the divergence and curl of any vector
V(x,y,z) = Ve, + V,e, + V,e; are given by

VQ = {(AQX + HQy + GQz)hlel + (HQx + BQy + FQz)hZeZ
+(GQ. + FQ, + CQIhes}ls’ (17)

V-V= |:i(SV1/h1) + i(SVz/h,z) + i(sVs/ha)]/S (18)
Ox oy 0z

0
Vx V= {E[ Vihs cosu + Vohs cosid + Vihs]
a .
~ % [V1h; cosv + Voh, + Vih, cosAl phye /s
0
+ % [V1hy + Vyhy cosv + Vih, cosyl
a R
i [V h; cosp + Vohy cosd + Vihs] phes/s
0
+ o [Vih, cosv + Voh, + Vb, cosi]
x

0
- 5 [Vihy + Vahy cosv + V3h, cosu] }h3e3/s (19)

The transformed equations (3—6) are very lengthy and are
provided in Ref. 13. The equations have been put in a form
similar to that used by Nash and Patel'® for orthogonal curvi-
linear coordinates. A comparison shows that the coeflicients in
the equations in the nonorthogonal coordinates involve not
only the curvatures of the coordinates but also their angular
orientation.

The partially parabolic equations are obtained from the
complete equations by using the following order-of-magnitude
estimates: (U,d/3x)~O(L); (V, W, vv;) ~ O(8); (3/0y, 0/3z) ~
OB Y; v~0(H?; and d<1. Patel' has shown that these are
consistent with the partially parabolic assumptions. Also, in
obtaining the partially parabolic equations, no assumptions are
made with regard to geometrical quantities; that is, all geomet-
rical quantities are considered O(1). The x-momentum equa-
tion is obtained by retaining terms of O(1) only. All other
equations are obtained by retaining terms of O(1) + O(g). The
partially parabolic equations are also provided in Ref. 13.

Discretization and Velocity-Pressure Coupling

The governing equations are reduced to algebraic form by
approximating all the spatial derivatives by finite differences. A
staggered-grid system has been used in order to facilitate the
application of the velocity-pressure coupling procedure. The
finite-difference scheme is basically only first-order accurate;
however, certain derivatives have been evaluated using central
differences, and all terms have been evaluated at the proper
grid location by using averages of the surrounding values. The
detailed finite-difference formulas are provided in Refs. 13 and
14. These then lead to the momentum and turbulence-model
equations in the form,

aUn in+@Us, +asUs = Suj, + Puj,, (20

blVﬁx— 1n T szﬁz,n + b3Vril+ L= Své,n + Pvf;z,n 21
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CLWZ,% 1+ Cszu,n + ¢ th,rw 1= SW/r;l,n + own,n (22)
dlkrit— Le+ derit,n + dsk; +1n= Skfr‘l,n (23)

2 £ z _ ¢
€18, 1,n + eZEm,n + e3£m + Ln ng,n (24)

where (£,m,n) are the grid point indices in the (x,y,z) directions,
respectively, and S¢ and P¢, with ¢ = (U,V, W k,¢), denote the
source and pressure-gradient terms, respectively. Equations
(20-24) are nonlinear since the coefficients g; through e; and the
source terms are all functions of ¢. If the pressure field is
known, Eqgs. (20-24) can be solved by the method of lines.
However, because the pressure field is unknown, it must be
determined such that the continuity equation is also satisfied.
The coupling of the velocity and pressure fields is accom-
plished through the use of a modified form of the SIMPLER
algorithm. This is a two-step procedure in which, in the first
step, the solution to the momentum equations for a guessed
pressure field is corrected at each cross section such that conti-
nuity is satisfied. However, in general, the corrected velocities
are no longer a consistent solution to the momentum equations
for the guessed p. Thus, the pressure field must also be cor-
rected. In the second step, the pressure field is updated again
through the use of the continuity equation. This is done after a
complete solution to the velocity field has been obtained for all
cross sections. Repeated global iterations are thus required in
order to obtain the converged solution. Both the pressure-
correction and pressure equations have the same form and
are derived in the same manner by substituting Eqs. (20-22)
into the discretized form of the continuity equation (4) and
representing the pressure-gradient terms by finite differences.
The resulting equation for pressure involves 20 of the 27
nodes corresponding to all (x,y,z) indices (£ — 1.,/ + 1),
(m — I,mym + 1), and (n — 1,n,n + 1), respectively; however,
only certain terms are maintained to form a tridiagonal matrix,
and all the remaining terms are grouped into a source term:

St F ol F il F il in + P 1
+fln i1 ISP 1= Sp (25)

Equation (25) is first used to correct the velocity field obtained
from the solution of the momentum equations for a guessed
pressure field. In this case, p is designated as p, and both up-
stream and downstream values of p are neglected. Also, Sp is
evaluated -using the current solution to the momentum equa-
tions. The pressure-correction equation is solved at each cross
section ¢ using the method of lines for two-dimensional and
axisymmetric flows and an alternating direction implicit (ADI)
method for three-dimensional flows. Subsequently, the velocity
field is corrected using Eqs. (20-22) with p substituted for p and
with the current solution to the momentum equations substi-
tuted for the neighboring velocities. When the exit cross section
is reached, Eq. (25) is again used to update the pressure field.
In this case, no approximations are made. The pressure equa-
tion is solved by marching from downstream to upstream using
the method of lines for two-dimensional and axisymmetric
flows and an ADI method for three-dimensional flows. With a
new pressure field thus obtained, the entire process is repeated
until the results converge; that is, when compatible velocity and
pressure fields are found.

Solution Domains and Numerical Grids

The solution domains for both the large-domain and interac-
tion solutions are shown in Fig. 1. It is seen that all boundary
surfaces except the outer boundary are common to both meth-
ods. As discussed earlier, in the case of the large-domain solu-
tion, the outer boundary is placed far enough from the body to
allow uniform-flow conditions to apply whereas, in the case of
the interaction solution, the outer boundary is at the match
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boundary A, with conditions specified from the inviscid-flow

solution.

Two different grid-generation techniques have been used.
For most of the small-domain interactive calculations, the
match boundary is just beyond d, and a simple analytic tech-
nique, in which local expanding grids for each cross section are
pieced together (stacked) in the streamwise direction, has been
used, 1.e.,

x =Xy =Apo(x.2)77 — /@y, — D),
z=Aza(x)(y7 = D/(y. — 1) (26)

where Ay is the initial y-direction spacing, y, the expansion
ratio in the y direction, Az the initial z-direction spacing, y, the
expansion ratio in the z direction, and a{x) the arc length of the
body cross section. For the large-domain solutions, it was not
possible to use such a simple analytic technique because, as the
outer boundary is placed at greater distances from the body,
this technique produces a grid in which the coordinates display
humps and hollows near the body tail and midway across the
flow domain. Consequently, for the large-domain solutions,
the grids were obtained from Ref. 9. These were generated
numerically from the solution of a set of elliptic partial differ-
ential equations. In one of the interactive calculations, a small-
domain grid was obtained simply by deleting that portion of
the large-domain grid that lay beyond about 28. This was done
to evaluate the accuracy of the two approaches and to deter-
mine the effects of the placement of the outer boundary in the
interaction solution. Typical large- and smali-domain grids are
shown in Fig. 3. Recall that, in the present approach, the veloc-
ity components are along these grid lines.

Boundary Conditions

In terms of the notation for Fig. 1, the boundary conditions
common to both the large- and small-domain solutions are as
follows. On the inlet boundary S,, the initial conditions for
(U,V,W,k,t) are specified from simple flat-plate correlations
scaled to match the inviscid flow for y > 4. Initial conditions
for p and p are not required. Note that there can be differences
between the initial conditions in the two solutions, depending
on the specification of (U,V,W) for y > ¢ in the large-domain
solution. In the large-domain solutions to be presented, the
velocity components for y > § were assumed to decay like the
reciprocal of the distance squared from the values at y =6 to
uniform-stream conditions. On the exit boundary S, a zero-
gradient condition is used for p and p; conditions for
(U,V,W.k,e) are not required. For laminar flow, the solutions
are carried out up to the body surface S where the no-slip
condition is applied. For turbulent flow, the wall-function ap-
proach of Chen and Patel® is used. In this procedure, the first
two grid points are placed in the log-law region. With a guessed
value of the wall-shear velocity U,, the required boundary con-
ditions at the first grid point for (U,V,W,k.¢) are obtained from
the log-law and the assumption of local equilibrium. Because
the log-law provides only the velocity magnitude, the velocity
components are determined by assuming that the velocity vec-
tor in the (x,y) plane is parallel to the wall and in the (x,z) plane
has the same direction as at the second grid point. After a field
solution has been obtained, the solution at the second grid
point is used to update the guessed value of U, and the proce-
dure is repeated until convergence. Conditions on p and p are
not required on S, On the horizontal Sy, and vertical Sg
symmetry planes, 0/0y(U,W,p,pk,e) =0, V=0 and &/
oz(U,V.p,p.k,e) =0, W =0, respectively, are employed. As dis-
cussed earlier, both the location of the outer boundary S, (see
Fig. 1) and the conditions imposed thereon are different in the
two solutions. In the large-domain solution, uniform-flow con-
ditions, (U,W,p) =(1,0,0), and 8/0y(k.e,p) =0, are specified.
In the interaction solution, the edge conditions are specified
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Fig. 4 DTNSRDC 2:1 elliptical cross-section body.
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according to Egs. (2): ie., (UWp) =(U,W,p,) and 0/
oy(k,e,p) = 0, where (U,,W,,p,) are obtained from the inviscid-
flow solution evaluated at the match boundary A.

Turbulent Flow over Axisymmetric
and Three-Dimensional Bodies

The two solution procedures described earlier were applied
to calculate the thick stern boundary layer and wake of an
axisymmetric and a simple three-dimensional body: namely,
the David Taylor Naval Ship Research and Development Cen-
ter (DTNSRDC) afterbody 1 and 2 : 1 elliptical cross-section
body (see Fig. 4), for which experimental data were obtained
by Huang and associates*® (see Refs. 13 and 14 for other
applications). The elliptical cross-section body has the same
length and longitudinal distribution of cross-sectional area as
the afterbody 1. The discussion of the results for the axisym-
metric body will focus on the convergence characteristics of the
two solutions whereas, for the three-dimensional body, a com-
parison is made between the converged results of the two solu-
tions and also the experimental data. In the discussions to
follow, all coordinates are nondimensionalized using the body
length L, with X = 0 at the body nose, and velocities and pres-
sure are normalized using the freestream velocity U, and the
fluid density. The calculations were performed on a Prime 9950
minicomputer.
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Fig. 6 Convergence history of the interaction solution: a) pressure dis-
tribution on the surface of the body and along the wake centerline, and on
the match boundary; and b) displacement thickness.

Axisymmetric Body

The calculations for afterbody 1 were performed for a body-
length Reynolds number Re = 6.6 x 10°, corresponding to the
experiments. The large- and small-domain grids used in the
calculations were similar to those for the minor-axis plane of
the 2 : 1 body shown in Figs. 3a and 3b, respectively, which will
be described later. Underrelaxation factors (x,a,) were used in
solving the momentum and pressure equations, respectively.
For the large-domain solution, (2,2,) = (1,0.2-0.5) and, for the
interaction solution, (x,a,) = (0.6,0.2-0.5). For both solutions,
in the wake, «, = 0.05 for the first 10 global iterations, and
a, = 0.1-0.2 for the subsequent global iterations until conver-
gence was achieved.

Figures 5 and 6 show the convergence history with regard to
the pressure distribution and the displacement thickness on the
surface of the body and along the wake centerline for the large-
domain and interaction solutions, respectively. Values are
shown for every 5 global iterations. The large-domain solution
converged in 50 global iterations and took 12min of
CPU time. The interaction solution converged in 40 global iter-
ations and took 20 min of CPU time, of which 10 min were for
the viscous-flow solution and 10 min for the inviscid-flow solu-
tion (2.5 min for each solution). The interaction calculations
were started with freestream edge conditions (U, = L,p, = 0).
Once partial convergence was achieved, which took 20 itera-
tions, the edge conditions were updated using the latest value
of displacement thickness. Subsequently, the edge conditions
were updated every 5 global iterations until convergence was
achieved. A comparison of Figs. 5 and 6 shows that the conver-
gence characteristics of the two solutions are quite different.
The large-domain solution converges monotonically in 50 iter-
ations. The interaction solutions converge with oscillations in
40 iterations. Basically, the interaction sclution converges in
two stages. The first stage is with freestream edge conditions
and leads to an underprediction of both C, and 6*. The second
stage is with the displacement-body edge conditions, and the
solution converges rapidly. Included in Fig. 6 is the iteration
history of the edge pressure. The small changes in the displace-
ment-body shape after 20 global iterations lead to impercepti-
ble changes in p,. Note that a planar definition of displacement
thickness has been used for the large-domain solution as a
result of difficulties in the evaluation of §* from Eq. (1) for the
large-domain grid. Also, in evaluating Eq. (1) for the interac-
tion solutions, the approximation ¥, is constant across 4« was
used.

The converged results of the two solutions are compared
with each other and with experimental data in Ref. 13. The
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characteristics of these comparisons are similar to those ob-
tained for the 2:1 body discussed next.

Three-Dimensional Body

The calculations for the 2:1 body were performed for a body-
length Reynolds number Re = 6.5 x 10%, corresponding to the
experiments. The large- and small-domain grids used in the
calculations are shown in Fig. 3. Figures 3a and 3b show the
grids in the minor axis plane, while Figs. 3c and 3d show the
cross-sectional views at X = 0.8966. The large-domain grid is
55 x 18 x 5. The solution domain is bounded by the inlet S; at
x, =0.5, the exit Sy at x, =2.5, the outer boundary S, at
¥o = 1.05, the body surface, and the two planes of symmetry
(# = 0 and 90 deg). The first grid point off the body surface was
located in the range 150 < y+ <300, where y* = U, y/v. The
small-domain grid is 55x 15x 5. The inlet and exit
boundaries, as well as the first grid point off the body surface,
have the same values as in the large-domain grid, but the outer
boundary is now placed at y,=4. The grid expansion was
specified such that the first two grid points lie in the log-law
region. An underrelaxation factor «, was used in solving the
pressure equation. For the large-domain solution, o, = 0.2-0.4
whereas, for the interaction solution, «, = 0.3-0.4.

The convergence characteristics of the solutions are similar
to those described earlier for afterbody 1. The large-domain
solution converged in 40 iterations and required 120 min of
CPU time. The interaction solution converged in 30 iterations
and required 90 min of CPU time. The interaction solution was
started with freestream edge conditions. After 15 iterations, the

displacement thickness after intermediate convergence is

achieved (ca 15-20 iterations) lead to insignificant changes in
the edge conditions. This was confirmed for the present appli-
cation through numerical experimentation.

Next, a comparison is made between the converged results
from the two methods and of both sets of results with the
experimental data. Figure 7 shows the pressure distribution on
the surface of the body and along the wake centerline for three
girthwise positions 6 = (0, 80, 90 deg). It is seen that both
methods are in good agreement with the experimental data.
However, the interaction solution is in slightly better agree-
ment. This is due to the influence of the initial conditions and
the better grid resolution within the boundary-layer region for
the interaction solution. A comparison of the present results
with the inviscid-flow solution without interaction, which is
also shown in Fig. 7, provides one indication of the magnitude
of the viscous-inviscid interaction. This comparison is made
somewhat difficult by the inaccuracy of the inviscid-flow solu-
tion very near the trailing edge. In the present inviscid-flow
method, as is the case with most other singularity-distribution
methods, the solutions are not accurate in regions where the
angles between adjacent panels are small. This inaccuracy is
well known and was not removed because the inviscid-flow
solution without interaction is not used in the present viscous-
inviscid interaction approach. The degree of viscous-inviscid
interaction due to the stern boundary layer and wake for this
body is similar in magnitude to that for the parent axisymmet-
ric shape (afterbody 1), as seen by comparing Figs. 6 and 8.
Figure 8 shows the final values of displacement thickness for
the interaction solution for 8 = 0 and 90 deg. An approximate
procedure was used to determine the displacement thickness
d*(x,2): Eq. (1) was used along only the major and minor axes,
with ¥, assumed constant across A;., and these values were
connected under the assumption that the displacement body is
also elliptic in cross section. Note the larger viscous effects
along 8 = 90 deg than along 6 = 0 deg in both Figs. 7 and 8.

Figure 9 shows the profiles of (U,V,W,C,.k) at X =0.956
(see Fig. 4). The radial coordinate is defined as Y =(R — Ryp)/
R, where R,(x) is the local body radius, R the distance from
the body surface along the local normal to the body cross
section, and R, the maximum value of the geometrical mean
radius (i.e., the maximum radius of the afterbody 1). The cal-
culated velocity components were interpolated and trans-
formed into the experimental coordinate system in order to
make the comparisons. The U component is in the axial direc-
tion, the ¥ component in the direction of the local normal to
the body cross section, and the W component orthogonal to
both ‘U and V. Consistent with the results discussed earlier,
both solutions are in good agreement; however, some differ-
ences are evident, especially in the pressure. That is, whereas
both solutions indicate similar transverse pressure gradients,
there are systematic differences in pressure magnitude. The
large-domain solution predicts lower pressure than the interac-
tion solution which, in general, shows better agreement with
the experimental data. A similar trend was found previously in
the results for axisymmetric bodies. This may be related to the
outer boundary conditions in the large-domain solution be-
cause its characteristics are similar to a blockage effect. The
velocity components are in good agreement with the experi-
mental data. This is especially true for the U component. The
V component is slightly overpredicted. The W component is
small and difficult to compare with the experimental values.
The calculations show a systematic overprediction of the tur-
bulent kinetic energy as the boundary layer thickens; namely,
as the tail is approached and increasingly so towards
0 =90 deg. Consistent with this, the calculated wall-shear
stress indicates larger values than the experimental ones in the
tail region (x > 0.9). These discrepancies are attributed to defi-
ciencies of the k-¢ turbulence model, which is known to over-
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predict the level of turbulence in thick boundary layers.
Another cause may be the use of wall functions. Lastly, it is of
interest to point out that the differences between the large-
domain and interaction solutions are less pronounced when
both methods use the same number and distributions of radial
grid points within the viscous-flow region. This was demon-
strated by the calculations for the 3:1 elliptic body described in
Ref. 14.

Concluding Remarks

It has been shown that both large-domain solutions, in
which the entire zone of viscous-inviscid interaction is cap-
tured, and small-domain interactive viscous-inviscid solutions
yield satisfactory results for the flow over the tail and in the
wake of axisymmetric and three-demensional bodies. Thus,
both strategies are applicable to trailing-edge flows with thick
boundary layers, and to similar complex turbulent shear flows,
if all the important aspects of the flow, namely, pressure varia-
tion across the boundary layer and the displacement effect of
the viscous flow on the external inviscid flow, are taken into
account.

Comparison of the results from the present methods with
those of other methods (see Ref. 13) and experimental data
shows excellent agreement. Of particular interest is the com-
parison with the large-domain method of Chen and Patel® be-
cause their method and the present ones have certain features
in common and are quite different in other respects. Specifi-
cally, the velocity-pressure coupling procedures, as well as the
turbulence model, are similar; however, the coordinate systems
used in solving the governing equations, the discretization pro-
cedures employed, and other numerical treatments are very
different. Chen and Patel® and Patel and Chen® have presented
results for the two bodies considered here, including compari-
sons with the same experimental data. The level of agreement
is very similar to that shown with the present methods. Thus,
it would seem that the most critical aspect of computational
methods for thick-boundary-layer and trailing-edge flows is the
velocity-pressure coupling rather than the discretization and
numerical procedures employed.

As to the relative advantages of the interaction vs large-
domain solutions, it appears that both lead to satisfactory solu-
tions, indicating that the present viscous-inviscid interaction
procedure is quite successful. The computational efficiency of
the interaction solution depends both on the method used for
the inviscid-flow solutions and the number of times the external
flow is updated. That is, the overall efficiency is determined by

the balance between the additional effort in calculating the
inviscid flow and the savings in the viscous-flow calculations
owing to the prescription of the inviscid flow at the match
boundary, which accelerates convergence. In the present appli-
cations, the displacement-body method has been used, as op-
posed to the equivalent-source method. This is because the
equivalent-source method is restricted to applications in which
the body surface in the region of interaction has small curva-
ture, e.g., airfoils and wings (see Ref. 13). For applications in
which the equivalent-source method was used, the interaction
solution was generally found to be more efficient than the
large-domain solution.'* This was also found to be true in
previous investigations in which traditional interactive proce-
dures were used.>* For the applications in which the displace-
ment-body method is used, however, as in the examples
presented here, the large-domain solution is more efficient for
the axisymmetric bodies, whereas the interaction solution is
more efficient for the three-dimensional bodies (25% savings in
overall CPU time for the cases considered). In the former cases,
the inefficiency of the interaction solution can be attributed to
the use of a three-dimensional method for calculating the invis-
cid flow and the updating of the inviscid-flow solution three
times, which was probably unnecessary since the edge condi-
tions showed no appreciable change.
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